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INTRODUCTION

1. It is classic that use of transportation modes in congested urba

streets creates costs for other users of them which are not taken into

account in individual transport decisions. These congestion costs ref

. . . +H
to the increased consumption of marketable and non-marketable inputs

necessary to perform travels between two points belonging to the urba
area at peak periods. It is also classic that the first-best Pigovian
solution to this externality problem lies in the use of congestions t
which increase the price of transportation services until the tax

inclusive price faced by users is equated to the marginal cost of pro

these services inclusive of the congestion costs imposed on others.

2. In practice, however, feasibility constraints due e.g. to techni
and political difficulties in introducing optimal taxation prevent re
ing first-best Pareto optimality and second-best maxima are all that
be obtained. In this line are the works we now briefly review and als
the present paper. L&vy-Lambert(1968) studies the case of two perfect
substitutable facilities (in our case two modes of transport -public
and private automobille services— both sharing the same scarce street
space) and concludes that bus fares should fall short of the marginal
social cost of the service if no toll is charged to private vehicles
street use at the period of congestion. Marchand (1968) derives Lévy-
Lambert's result from a general equilibrium framework and examines it

implications for income redistribution. Sherman(1971), following the

I am indebted to Professor Maurice Marchand for suggesting this pap
and for many helpful suggestions. All remaining errors are of course
mine.

Among marketable inputs we can find gasoline, o0il, maintenance, we
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and tear, etc. while non-marketable inputs include time spent and injuries |

suffered by transportation modes' users. Pollution is a byproduect of
congestion bearing upon all urban dwelers.
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methodology developed by Marchand, extends the analysis to allow intez
dependence in congestion at peak time by the two alternative transpor-
tation modes. He first studies the conditions under which a second-best
direct tax impinging upon peak bus fares implies a subsidy to the public
bus company, provided automobiles are not subject to direct taxes. Then
he investigates the case where, besides the direct tax on peak bus fares,
automobiles can be indirectly taxed through an input (gasoline) tax
prevalent at both peak and off-peak periods. In both cases the assumptions
are made that off-peak time is free of congestion, that travel demands
between periods are independent, and that public authorities.can impllement
lump sum transfers of income to consumers. Sherman also gives some
reflections on the bus company's budgetary balance. Bertrand (1977}, dis
regarding the question of income redistribution and the explicit examination
of peak and off-peak transit pricing, extends the discussion of second-best

direct optimal taxation to a multimode traffic network.

3. The present paper provides some extensions to Sherman's work. All
models we analyze explicitly assume a two (peak, off-peak) periods demand
structure for each of the two transportation modes we consider (publil bus
and private automobile). Congestion "intraperiod" interdependence is also
postulated for all of them. In Model I we characterize the optimal differ-

entiated (peak, off-peak) bus fare structure when public authorities have

at their disposal the following instruments: two bus fares, a tax on gas-—
oline bearing upon private motorists independent of the time period, and
lump sum transfers of income for consumers. In this model we also liﬂit

the bus company to a budget constraint. In Model II we delete the budFet
constraint. In Model III we study the case in which the bus firm is stject
to fix a uniform fare between periods but is free of budget constraint. In
Model IV, we add again a budget constraint to the bus company. Finallly,

in Model V we introduce equity considerations into the discussion by pos-—
tulating a uniform lump-sum transfer of income to consumers, to the study

of a differentiated bus fare structure with a budget comstraint.




MODEL I. A DIFFERENTIATED BUS FARE STRUCTURE WITH A BUDGET
CONSTRAINT.

We consider an economy where each of n consumers (i=1l,...,n) deriv
satisfaction from travelling by two different modes at two different pe
time, private automobile passnger mlles at peak period (t 1), private a
passenger miles at off-peak period (t* 2), public bus passenger miles at
period (t ) and public bus passenger miles at off—peak period (th)’ a

from consuming units of a composite commodity (x* ) - the numeraire.

Let us make the following assumptions:

Al., Utility functions are quasiconcave; continuous, and twice different
i i 1 i i 2 .
(1y U U (tal’ 22? tbl P ), U €ec (i=1,...,n)

A2, Average input requirements of gasoline ~the only transit service in

consider in this part- to produce units tak and tk (k=1,2) are represe

variables g and g, , and congestion "intraperiod" interdependence is

2
(2) gak=gak(tak,tbk), 8. €C 38 k/at = 0, dg k/at =0, k=1,2;

(3) (t € c? /3t 20, agbk/at =20, k=1,2;

Bpk Spk ak’tbk)’ 2, € €5 gy

i .
where ak Z et ak? tbk = Zitbk are, respectively, the global demand fo
transit services at period k, and the global demand for public (bus) tra

at period k, k= 1,2.

A3. Production possibilities of the economy are constrained by the conc
continuously differentiable transformation function:

(4) f(g,x) = 0, fE€ 02
where g stands for gasoline and x for composite commodity.

A4, Competition is postulated on other markets, so that we obtain equal

the ‘marginal rate of transformation and the(producer) price ratio for g

5) =-(dx/dg) = -
(5) -(dx/dg) Pg/PX Py

since we normalize by setting PX = 1.
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A5. The bus company -which plays the role of a social planner- has at its
disposal the following instruments in order to reach an efficient allogation

of resources:

1/ a tax 6 on gasoline purchased by private motorists, independent of the time

period,
2/ two bus fares: Pb1 (peak) and sz (off-peak), and
3/ lump sum transfers of income, yl to consumers.

A6. The consumer private price system (P P . and sz per unit, respectively,

a1°Fa2°%p1

of tal’taZ’tbl and tb2) is defined as follows:
(6) Pal = (Pg+ e)gal’
N P,= (Pg+ e)gaz,

(8) Py = ngbl * Pyps and
(9 Py = Py * Py,

where p,7 and p,, stand for optimal "tolls" to be charged on public busg fares L

and sz, respectively .
We finally assume

A7. The public bus company is subject to a budget comstraint, B. This can be

formalized as follows2

(10) B,

551Pp1 T TpoPp2 T

where B stands for a fixed profit requirement.

. . . i
With a consumer price vector P = (Pal’PaZ’Pbl’sz)’ X d4s numeralre, and y

as the consumer i's income, budget constraints are:

1 i i i i i
(11) Byt * Pootun + Ppytyy * Bpofyp v X =

(i=1,...,n)

1. It is instructive to look at private prices as total private costs per unit

of transport service. !
i

2. Defining bus firm's total revenue as TRb k=1tkabk’ and its tot?l variable
— 2 . . i
costs as TVCb-— szk=1tbkgbk’ i1ts total gross profit becomes
- L o2
Ty = TRy = TVC, = 21ty Phy

When a budget constraint,B, is imposed upon it, IL = B, and (10) fecllows.

w

b




Maximization of (1) subject to (11) for each 1 requires

alp

i, 1
(12) 23U /Btal

al (i=1,...,n)
(13) au'/act, = A, (i=1,...,n)
(14) BUi/Bté1 = kinl (i=1,...,n)
(15) BUi/BtiZ = e, (i=1,...,n)
(1) aut/s &t = Al (i=1,....n)

i, . ‘o . . .
where A~ 1s the marginal utility of income for consumer i. These condi

together with (11) yleld demand functions

i i i ..
(17t =t By (i=i,...,n)
(18) £, = t,(B,y") (i=1,...,n)

i i ' .

(19) &, = tbl(?,yl) (i=1,...,n)

i i i .

(20) tis = th(P’y ) (i=1l,...,n)
21y ¥t = x(p,yH) (i=1,...,n)

The analysis we undertake is of second-best Pareto optimality natq
of the following reason: gasoline need not be purchased right at the ti

used so that 6 camnct be varied by time of day. Planner's problem is th

the triplet (8

’pbl’pbz) in order to minimize misallocationB.

3. Recall from the introduction that misallocation in this economy ari%
because consumers of transit services do not take into account cong%
costs they impose on others. These congestion costs take the form,:
our model, of an increased consumption of gasoline per unit of tranj

service (see also assumption A2)., First best optimality could be a[
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The conditions for a second-best Pareto optimum are obtained by maximizing
a welfare function defined by a linear combination (with arbitrary weights) of
the individual utility functions, subject to appropriate constraints, namely
— on
(22) Max W = Z§=1

i i R ioi io i i, A i
, BIU e, (Byy) Lt (Byyh) e (Byy ) e, (Byy )X (Byy )]
Pp1:Ph2Pp1°Pp2 Py
. g
1

8,7 s ty10 %0005 T2’
subject to
(233 Py = Polyy (farotyy? * Ppy (1)
(24) Py = Pogo(tagstyy) * Py ()
i
(25) L.t | = £ (t,1)
i _
(26) Iel =t (T,,)
i_
(27) L.ty =t (1)
i
(28) Zitb2 =t (sz)
(29) € 18,17 a2800% th18p1* tp08h2 = 8(FY) o)
i _
(30) I.x = x(Pg) §x)
(31) ty1Pp1 * TpoPpy = B ()

where Greek letters at the right are Lagrange multipliers associated with the

constraints. These constraints also imply

i_
Ly = x4 Pog+ Bg, 1t 17800000 * Pith T Phathe .
|

. . . . . |
indicating that the proceeds from gasoline tax on private users, and the sum of
|

"tolls” collected are redistributed to consumers. The first order conditions for

a maximum (in addition to constraints (23) through (31)) are:

(32) =0

THyy t Pty

(33) =0

THyy T 0T,




(34)

(35)

(36)

(37)

(38)

(39)

(40)

iild i
TLBTATE) My T TpBy (B, /9P )
-1, .7 (ati /9P ) - xI. (3 i/ap )

b271 O b2l Oyl T XX 195y

ii i i
TEBTATE Sty T T gLy (9t /9P )

i i
- T T (3,8, ) = XT, (3% /8P, ,)

i.i
—Z;87) [t

+

i
(atallaPaZ)gaZ]

i

+

I

ii, 1 i
ZiB A [talgal * taZgaZ]

i . ] -
a18al a28a2 Hp18p1 -

i i
XZi[(ax /E)Pal)gal + (3x /aPaZ)gaZ]

1

1

i

i
MpoBy ~ TayZil (9t,1/0P 1dg,

T

i
a2t 3ta0/8% 1) -

0

b2’

0

(3, 3 5)e,,) + Y(B8/BR) + X(3x/3P)

0

_ i, i
TaZZi[(ataZ/BPal)gal * (atazlaPaZ)gaZ]

i

i
Ty Byl B, /0P y)e,y + (Bt /3P o)g, )]

' i i
ToaZsl (88,702 1)g q + (3L, ,/0P ), o]

i i
Xz, L (ax7/op )g o + (3x7/0P _,)g ]

0

i1 i 1 i i 1,41
B A Tal(atal/By ) - Taz(atazlay )y - Tbl(atblfoy )

= T, (0t /0y ) = x(3x"/3y")

Ty P Pry /00 * Ty T vl Pt By /0t ) g, (g /ot

““bng(ngzlataz) T, - Y[gaz + ta2(8g32/3ta2) + tbz(agbz/at

]

Tblzi(a

Tblzi(a

i i
= TRl (3t,/9% g g v (Bt,,/0P 508

i i
Ty B4l (341707 08,y + (B, /8P o) o] ~ 1,0 1 (3t /0P 1)g g

; i
" T Zil Ot /0P gy + (Bt /0P 5)e ]

i
1/ 1)

i
tbl/anz)
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L) P (e /3ty + 1y = Ylgy e, (g /38, vt Bg /36,01 1
(42)  —uy P (Beyp/0tyy) + Ty = Mgyt g/t )t B 08 )] 4

Remark.—- In order to derive conditions (34) through (37), and (38), two
of indirect utility functions
i i, - ir i i, i i, i i, i i

|
have been exploited, namelyA:

i) avi/ep, = -Alt;, k = al,a2,bl,b2

1

A

ii)  ov'i/ay"

First order conditions derived above can be used to obtain optimal
for our planner's control variables Pp1s Ppo and 8. To simplify the piec
first substitute (38) into (34) through (37), taking advantage of condi
(32) and (33). Then we define Slutsky compensated effects as

- — i 1,, i i _—
SthBPk = Zi[(atj/BPk) + (Btj/By )tk] j,k=al,a2,bl,b2

(43) (i=1

il

- i i,, 4,1 _
9%/ 9P, [ (3x /3B, ) + (3x /3y ), ] k=al,a2,bl,b2

For example, if we take j=k=al, BEj/BPk represents the effect on demand
passenger miles at peak time of a compensated change in its price. Fina

make use of the following fact upon pure substitution effects

(44) Pal(atal/aPk) + Pazcataz/apk) + Pbl(atbllapk) + sz(atbz/apk)

(a%/apk> = o0, k=al,a2,bl,b2

[
The above system of equations denotesthe basic property that the sum of

terms weighted by the prices adds up to zero.

4. Note en passant that combining i) and ii) yield Roy's identities

ey = - [GV/3R) /(v /ayD)], & = al,a2,b1,b2; i=1,...,n

P = O
PP =
properties

Xi (p syi)]

values
ture we
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The resulting expressions for (34) through (37) are after some manipuldtion:

(45) {(Talfx)~Pal](8ta1/anl) + [(Tazlx)—Pazl(atazlanl) +

I(Tblfx)-PbI](atbl/anl) + [(sz/x)—PbZ](atbz/anl) = (p/x)tb

b

(46) [(Tal/x)—Pal](aEal/Bsz) + [(Taz/x)—Pazl(SEaZ/Bsz) +

[ (e, q /502, ] (B8, /0P, 50 + (1, ,/0-R ] (BE,/3P, ) = (0/0t,,

47y LGty 0P, 11t /o0 g, + (Bt /88 ,)g ,] +
[y 02 ) LGRE /32, gy + BF /3P g ) +
[ty /0Py JLGOE, 1 /3R, ), + (BE, /87 50 0] +
[ty /0Py, L3, /02, g + (B8, /3P ))g )]

= (I00-p(ty 18 1%t 28 5) * ycag/an) + X(BX/BPg)]

48y [(r, /- ML, /38, )g,, + (OF /3P )¢ ]
[ (Tazlx)—Pazl[ (ataz/aPal)gal + (ataz/aPaz)gaZ] +
Loy 02y (3t 1702 1 )g y + (Bt /3P y)g ]+

[ (0P, L (38,782, Dg 1 + (BE, /3 ,)g 1 = O |

It should be noted that the LHS's of eguations (47) and (48) coincide thanks'’
to the fact that BPak/BPg = BPak/EE = By k=1,2. This in turn implies! the nullity

of the RHS of equation (47), or what is equivalent

P(ty 18,14ty o8L9) = v(0g/O ) + x(3x/3P )
!

since X is assumed finite and different from zero.
|

Now, since by assumption A5. the productive sector behaves competﬁtively,
we can writes (3x/3Pg) = - Pg(ag/BPg) and substitute this fact into thr above

expression to get

|
i
[
i
;
i




-1
(49)  v/x = (o/x)(tblgb1+tb2gb2)(3g/8Pg) + Pg

We finally derive the last important set of equations by substitut

into conditiomns (39) through (42), making use of (32) and (33), to obta

~1
(50) 149 /x = (PN0OP &, Gy /0e,1) + [0/ (tyy gy +ey 5 8y,) (3878 .)

[g, 7,1 (98,1708, )%ty (Bgyy /0t )]

(S T,/x = (/0B ty, (g y 3t ) + [N (ey 2y ey, ) (e/22 )

[e,y%t,,(08,,/3t o)+t 5 (dg,,/3t )]

[8y1+t,1 (Beyy /0t ) ¥t 1 (Bg /9t )]

(53) sz/X = (p/x)[Pgtbz(agbz/atbz)-pbzl + [(p/x)(tblgb1+tbng2)(3g/8 .

[gy 57ty Py, /0t )+t (B8 5 /3t, 5]

Having taken advantage of the RHS of equation (47), this equation
deleted since its LHS is already present in equation (48) -the conditio
and its reproduction would be redundant. The model, therefore, is close
equations (453),(46),(48) and (50) through (53). Our next task then is t
interpretation of such a system keeping in mind that our final goal is

the triplet (O,pbl,pbz).

5. This relationship derives from production theory in perfect competit

Suppose a producer considers the problem of maxim&fing profits subjec

ing (49)

+

Pg]

¥
lav}
[See)

can be

n on 6-,
d by

b give an

to find

4 to the technological restrictions represented by ‘transformation functi
i.e., max x + P g s.t. £(x,g) = 0.
(x,8)
From first order conditions Pg = fé/f; = - dx/dg (the last expressi

coming from setting df = 0), and taking advantage of functions x =

and g = g(Pg), it is immediate that (Bx/BPg) = - Pg(ag/BPg).




Let us comment first on equations (45), (46) and (48), which show
strong resemblance with those found in optimal taxation literature. We

begin with the first of them, which says :

i) The sum of divergences between social and private marginal costs
weighted by (compensated) price effects adds up to bus firm's supp
of transit services at peak peried, tyo times the shadow price of
marginal unit of budget requirement B. Therefore, the extent of 4

tions from marginal social cost pricing depends on the budget cons

ii) "The LHS is the change in the demand for good (tbl) that would res
if consumers were compensated to stay on the same indifference cux
and the derivatives of the compensated demand curveé%ég;stant... f
small taxes ... [Rj = (Tj/x)-—Pj; j=al,a2,bl,b2] the optimal tax
structure involves an equal proportionate movement along the compe
sated demand curve for all goods" (since p/x is independent of )

(Atkinson & Stiglitz, 1980, p.373) (Brackets are mine.)

iii) "A small increase in shadow taxes (Rj = (lex)'-Pj, j=al,a2,bl,b2
would lead to a change in compensated demands which is proportiong
for any commodity j to the ... supply of" (tb]).(Guesnerie, 1980,

p-64) (Brackets are mine.)

ly
a
evia-

traint.

ult

ves

or &
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All three points i), ii) and iii) are of application to (46). Equationy (48),

which we refer to as the condition on 6, can be more easily interpreted if

we restate 1t as

T [(t./%) - P.1(3E./88) =0 j=al,a2,bl,b2
3 3 h 3

indicating that the sum of relative divergences between social and private

. . . L/
marginal costs weighted by the derivatiea of the compensated demand cugves =

with respect to € adds up to zero. This is so because € does not degend

on p/¥.
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The economic meaning of equations (50) through (53) may be seen £

looking e.g. at the first of them. Let us write it down as

T,/ = B e/he )+ (/0[P L (Bey /ot ) + g, (37 /30) (Be/hty

where '

+

8y = th18b1 T tp28y2

stands for total consumption of gasoline by the bus company.
2

(Ag/de ) =lg | + 138,/ ) + £y Ogy /3, D1 >0

represents the (marginal) rate at which total consumption of gasoline,
increases per infinitesimal increase in t1s and it is strictly positi

(see alsco assumption A2);

(p/Y) = (Ax/AB) , >0
¥

can be viewed as the value, in terms of numeraire, of a marginal incre

. . . . ... 6
in bus firm's budget requirement, B, and we postulate 1t positive .

Let us define now

MC,, = P (Bg/bt, )

6. We are assuming here that the public firm is constrained to make a
above the level required for first best optlmallty - say B* In sy
case p >0 indicating that an increase in B is equivalent to a wit
drawal of resources from the system implying an efficiency loss. T
the sign of the equality

(p/x) = (&x/AB) - >0

(i.e., in order to keep welfare comstant an increase in B must be 3
panied by a positive change in x), let us assume that an exogenous
of commodity x, X, is added to the system. The Lagrangian for our
Maximization Problem would come out

£=w+...+x[x(P)+x—Z x}+p[t 1pbl+ 2pb2 B, sd

AL oL 3L AL a _ (3£/3B) |
—ep <0, Zdx + S2dB =0 = = - AdL/0B)
=X 20, o =R <0, g=dR Fr) (3L /3%

Finally note that B <B*= p <0, a case which we disrepgard. |

rom

Dl

25

ase

profit
ch a

h_

o check

ccom—
amount
Welfare

that

X ©>o.
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as the marginal cost, in real terms, of an extra unit of tal’ and

AHb/Atal = [Pgtbl(agbl/atal) + gb(an/Bg)(Ag/Atal)]

. . L 7 .
as the marginal impact on bus company's profit from an extra unit of

The RHS of this expression can be interpreted as follows. The fir
term, (Pgtbl(ngllata])), measures the impact upon congestion (bearing
public firm) of an extra private automobile passenger mile at peak tin

This term, therefore, represents a negative technological externality

bus company since an extra unit of to1 makes more costly, in terms of

needed, the provision of t, ., units. On the other hand, [(BPg/Sg)(Ag/A

bl
measures the (partial) increase in the price of gasoline due to an ext
private automobile passenger mile at peak time. This increase affects
the requirement of gasoline of the bus firm, but its price and consequ
the value of its total consumption of gasoline, gy, - Therefore, gb[(BP

(Ag/&tal)] represents a negative pecuniary externality to our public f

Substituting the last two definitions into the expression for Tal

we get

Tallx = MCa] + (p/x)(AHb/Atal)

In words, the social marginal cost - in terms of numeraire — of a t:al

Tal/x, is equal to the sum of its marginal cost in real terms, MC_ > B

the value of its marginal impact upon bus company's profit, (p/x)(AHb
The above interpretation generalizes straightforwardly. Thus, def]
(54a) MC, =P (Ag/bty)), j = al, a2, bi, b2

AHb/Atak = Pgtbk(agbk/atak) + gb(an/ag) (Ag/Atak), k =1
(54b)
AHb/Atbk = Pgtbk(agbk/Btbk) + gb(spg/ag) (Ag/Atbk) ~ Py k=1

tal'

st

on

e.

to the
gasoline
tal)}
ra

not

ently

g/Sg)

irm.

/X

ining

expressions (50) through (53) become

7. See footnote 2 for the definition of Hb.
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(55) Tal/x =MC o+ (p/x)(AHb/Ata])
(56) T 2/X = MCa2 + (p/x)(AHb/Ataz)

+

(58) Ty ./x = MC, (p/) (AT, /Bt 5)

Let us substitute equations (55) through (58) into expressi

(45), (46) and (48). Then we define

(59a) anﬁ/ank = [tbk - (AHb/Atal)(atal/ank) - (AHb/Ataz)(Btaz/BPbk)
- (AHb/Atbl)(atb]/BPbk) - (AHb/Atbz)(atbz/ank)
(59b) BHb/BG = - [(Anb/Atal)zk(ataI/aPak)gak + (Aﬂb/Ataz)Zk(Btaz/BPak

- - ~
+ I /ot )2, (Bt /8P ey *+ (Bl /At o) T, (Bt ) /3P

Kk =

which can be interpreted, respectively, as the impacts upon bus firm's

of a small increase in bus fare operating at period k, and of a small

on the gasoline tax ©. Their signs cannot be predicted a priori.

oS

profit

lincrease
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(61)
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The resulting expressions can be written in matrix form

(p/x)

b

atal/ayb

atal/an
2 ~
kz,(ata‘/aPa

£ ? ? W

1 9t _,/3P, 9ty /3P 9t /9P 1
X 1

2 LY, 351/ %P2 92/ 9Py

W Bak L0085/ 00,085 T, /08108y EO0,9/ 00 085y | [ |

T, /3P, |

oI, /3P, ,

INE

It is now useful to write down the vector of relative divergence

tween marginal and private costs taking advantage of the set of defin

stated in (Séa% and (6) through (9), as

%Ca] -P
qCaZ -P
HCb] -P
%Cbz P

5 be-

itions

Mok T Pax ™ P Tak ~08y With T =t (Gry /000 + vy, Gy /ot 0
K =1,2
Mpe ™ Phic = B Tp ™ Ppx  WEER T = 6, Oryp /08,0 + £, (9170t
k=1,2
where T > Ty are pure "intraperiod" congestion effectss.

With such a break down, the above equation system can be suitably
|

transformed intoc one which explicitly provides us with the vector of

planner's control variables (0, Py1» pr)’ namely

i
|
|
|
|
I
i
i
i

!
8. In the next section, we discuss some hypothesis concerning the nature

of congestion effects, which are of application here too.
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-~ - I 1 r'
B, 8t /8P, 3T /3P, | ) B, |
(62.1) B, 8t /8P, 9F /0P, Py = | B,
2
k§1 %ak8ak O %b2 P2 | ] A ]

where grouping terms are defined in Appendix 1.1.

The above system refers to the case in which there exists full int

dependency of compensated demands across periods and modes.

A simpler

structure obtains by postulating demand interdependency only across mod

in which case it becomes

‘ ~
B oty /3P,
r Ca)
(62.2) 82 0 Btbz
T a o a
K akgak bl

where grouping terms are defined in Appendix I

The simplest structure obtains, of course, when there is no interd

dency either across periods or modes.

[ -
0 atbl/an1
{(62.3) 0 0 atb2
1
L i oLakgak 0

and grouping terms are those of

0 17 & | [ 8! ]

/3By, i | T | B

b2 I Pp2 | | A"
2.

epen—

In such a case it becomes

o 1T e ] T8
_ "
/3By, T e
1]

0 Pyo J [ A ]

Appendix 1.3,
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MODEL II. A DIFFERENTIATED BUS FARE STRUCTURE WITHOUT BUDGET CONSTRAINT

We consider now a special case of theoretical interest coming from

Model I. We still assume a differentiated structure of prices for bus
services, but assumption A7 is deleted, i.e., no budget constraint 1is
considered. {As before the analysis is conducted under three possibilit

concerning the structure of demand interdependencies.f

ies

When we suppress constraint (31), conditions (32) and (33) altogether

imply Hpp = My, =0 = 0., With such a result equation (49) now reads

6 =
(63) Y/X Pg

indicating that the marginal social cost of gasoline, g, in terms of numeraire,

is equal to its (producer) market price., This result, in turn modifiesp

equations (50) through (53) as follows :

(64) iil = MC,, =P lg,  +t, (e, /0t ) + t,(Bgy /3t )]
(63) '1%% = MC, = Bole,y + t (Be,,/0t, ) + £, (Bry,/3t )]
(66) '151 = MC ) = Pl + oty gy, /0,0 + £ (g, /08, )] !
(67) IEZ = MO, = Plepy * £ (085/3ty,) + £ 5(3g,,/3t)]

By the same token, equations (45) and (46) - taking advantage of (64)

through (67) - now read :

(68) (e, - Pal)(aEal/apbl) + (M, - P_,) (3T _,/8P ) +
+ (M0 ) = By (BE /AR )+ (MG, — B ,) (3T, 8P ) = 0
(69) (e, - Pal)(afal/Ssz) + (MC,, - Paz)(BEaZ/BPbZ) +
+ Qe - P )BT, JORL,) + (MCp, = P ,)(3F,,/0m ) = O
!
while equation (48) - the condition on § - remains unaltered and we re%ro

I
it taking also advantage of equalities (64) through (67) as : |

duce
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(70) MC_, - Pal)Ek(Bta]/BP + (MC612 - Paz)Zk(BtaZ/BPak)gak +

al 2k’ Bak

+ (MC = BT, (B /0P gy + (MO, = Pyp)T, (38,/8P (g, = @, k=1

The set of equations (64) through (70) provides the basic structure of

this submodel, to which we now turn to comment. The key point is, of ¢ourse,

from (63), the equality between the marginal social cost of gasoline, in
terms of numeraire, and its (producer) price, i.e., Y/X = Pg. This re%ult
permits to write down the marginal social cost of each transit commodi#y,
again in terms of numeraire, as being equal to its corresponding margi&al
cost in real terms. Equations (64) through (67) exemplify that fact. Budget
constraint deletion also implies the appearance of zeros on the RHS's %f
equations (68) and (69). The interpretation of these equations is hopéfully
straightforward, viz. the sum of relative divergences between social and
‘private marginal costs weighted by Slutsky terms adds up to zero.
Equation (70) is reminiscent of 6?8) and (§§) and was commented in the|previ-

ous section as equation (48). We still refer to it as the condition on 6.

Let us write down the relative divergences between social and private
marginal costs taking advantage of equations (64) through (67) and defiini-

tions (6) through (9), as follows :

(71) (e, -, ) = 2T =08, with T =t g, /3t ) + £, g, /3t,,)
(72)  (MC_ 5 -P 5) = BT, ~8g o with T, =t ,(3g /3t )) + tyy(98;,/3t,,)
(73) Qe =By = BT - by with Ty = vy, (Bgy /06, ) + £, (08,1708, )
(74) (MCbZ-PbZ) = Pgsz = Py with sz = tbz(agbz/atbz) + taz(aga:/atbz)

Before entering into a deeper discussion about the characterization of
solutions for our planner's control variables (8, P> pbz), two remarks
are in order. The first ome concerns a trivial solution for all systems
that will be exploited below. The second one regards some structures of

congestion effects Tak’ Tbk (k=1,2) that can be considered.




As it will soon be apparent - because of the homogeneity structur

of equation systems in the unknowns (M.Ca - Pak) and (MC

k bk~ o> KT
they all admit regardless of the structure of demand interdependencies
trivial first best solution. This comes out by setting equations (71)

through (74) equal to zero. It is obvious that in such a case we have

(75a) 0 = PgTa]/gal
(750) 0 = BT ,/5,,
(75¢) Py = PgTbl
(75d) Ppo = PgTbZ

This solution requires that the RHS's of equalities (75a) and (75b) co

Now, since there is mo reason to pressume equality between Tal/gal and

TaZ/gaZ (see below the second remark), and since feasibility condition

incide.

S

prevent the planner from differentiating his tax on gascline between pFriods,

the solution represented by (75) cannot be considered attainable, and we

disregard it in the following.

We now turn to the second remark, which actually concerns three di

ferent although related problems, namely :

[R-1] 1If we assume mo congestion in off-peak periods that amounts to Write

down equatioms (72) and (74), respectively, as

(76) (MCa2 - PaZ) = - 6g_,, and
since Ta2 = sz = 0, while (71) and (73) remain unaltered.

[R-II] In the case buses do not share the same scarce street space beq
of the existence of lanes devoted to bus traffic, the use of wh
is prevented to private motorists, we have at the cost of some

ingenuity :

|
i
I
i
i
i
|
!
|
|
i
|
i
i
i
|
I
|
i
j
|

ause

ich



9g,, with Tal

(78) {MC - P 1) =PT

al a tal(agal/atal)

(79) (€, - P ) =P T ,-6g, with T

a2 a2) g a2 ta2(ag32/ata2)

a?

N

g

=N
t

(80)  (MCpy = Pyy) = P Ty = pyy  with T =€, (3gy, /0t )

(81) (M.Cb2 - sz) = PgTbZ = Pyo with sz = tbz(ngz/atbz)

In other words, congestion effects across transportation modes have been

ruled out.

[R-III] Consider finally the case where public transport has a constant

requirement of gasoline per unit of service provided, independent

of the time period. (One could think of underground services.)|The
following version of equations (71) through (74) comes out :
(82) (Mca] - Pal) - Pgﬁal B egal with Tal = tal(agallatal)
(83) (MCaZ N Pa2) - PgTa2 - 8ga2 with iaZ = taZ(agaZ/ataZ)
(84) (M.Cb1 - Pbl) =~ Py since Tyy = 0
(85) (MC,, = Po) = = Py, since T, , = 0
where also Mcbl = MC,, = ngbl = ngb2 since 81 = Bpa
This last example is an intermediate case of those considered in [R-I]

and [R-II], and clearly other combinations are possible, Keeping all this

in mind, we turn now to a proper characterization of our planner's control

variables (8, Pyis Ppo

of (compensated) demand interdependencies.

) in terms of an explicit examination of the structure

We begin with the case in which there exists full interdependency across

periods and modes. This comes out by writing in matrix form equations

through (70) as : ;

(68)




-

(86)
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atal/an1 Btaz/apbl Btbl/SPb] Btbz/BPbl
'ata]/an2 Btaz/anz ath/anz atbz/an2
| 2006,1/0P 10 B ﬁ(ataz/aPak)gak i‘atbl/apak)gak E(ath/aPak)g

'FMCal-Pa]
ME ., -P
Mot " P

ak || ¥Cb2 " P |

This homogeneous system can be appropriately transformed, taking advantage

of expressions (71) through (74), into a more appealing system which explicitly

gives us the vector of plammer's control variables, namely :

(87.1)

B, 9ty /3Py
By 9ty /9Py
| l}i ®ax8ak OLbl

- . s

dt, /8P 17 o B

9ty /9P, Py | = Pg B,
%2 || Pb2 | LA

where grouping terms can be found in Appendix 1.1,

When {compensated) demands are independent between peak and off-peak

periods, but not between transportation modes, that is when we have inter-

dependency only across modes, the above system modifies as follows

(87.2)

L

1 ~
By 9ty /9By,
1
52 0
] 1
L0 8ok %1

o 17 o 1 [®]
-« _ 1
Oy, /9Py Ppr | = P | B2

1 1

%2 || P2 | A

and grouping terms are defined in Appendix 1.2.

-
.
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The simplest case obtains when there is no interdependency either

across

periods or modes, i.e.

0 atblfanl 0 8
(87.3) 0 0 3t , /9P, , | | by,
1
| 2% Bax 0 0 1 [ Pb2

and grouping terms are those of Appendix 1.3.




MODEL III. A UNIFORM BUS FARE ACROSS PERIODS WITHOUT BUDGET CONSTRAINT

In the present case we have a model whose basic structure preserves

many of the characteristics of Model II. In particular the set of equatioms

(64) through (67) remains unaltered. Equations (68) and (69), however; now

. . . 11
admit a unique expression , namely

(88) (MC —»Pa])(atal/apb) + (MCaz—Paz)(BEaz/BPb)

al

+ (Mc, | =P, ) (B, ,/0P) + (MC_, -B ) (3T, ,/3P) = O

while equation (70) suffers a slight modification (viz. Py =Py = Pb} and

now reads
(89) (Mcal‘_Pai) Zk(ataI/aPak)gak * (MCaZ HPaZ) Zk(ataZ/BPak)gak

+ (MCyy ~Pyp ) I, (OF /0P, )g , + (MC, =P ) Iy (3t , /3P 1)g , = 0

11, We are assuming here that our social planner can no longer differen-
tiate bus fares according to peak and off-peak time periods. On the
contrary, he is constrained to set a uniform fare between periods.
Administrative costs of implementing a differentiated structure of
prices and/or political pressures might be reasons that explain this
limitation. Planner's problem therefore consists in finding the

optimal fare Py, which minimizes misallocation in the transport sector.

To that effect the instruments at his disposal are : (i) a tax € on
gascline purchased by private motorists, (ii) a single fare (both (1)
and (ii) being independent of the time period), and (iii) lump sum
transfers of income y' to consumers. In the present case it is also
postulated that public firm faces no budget constraint.

oo

From the viewpoint of bus users, a uniform price means that ty; an
tpy are perfect substitutes, that is, total private cost per unit of
public transit service on both periods is the same

P =P

b= Pp1 = Fpoe

This fact makes a change in the consumer price vector for transit
services which now becomes P = (P, Pa2, Pp) and consequently
modifies individual demand functions (17) through (21).
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The particular feature of this model is therefore equation (88), and a

comment on it 1s in order.

Equation (88) says, of course, that the sum of relative divergences
between social and private marginal costs weighted by (compensated) price

effects adds up to zero. A more clear statement, however, can be made by

rewriting it as follows
|

k

|
L MO (38 /3Py) +I MCy, (38, /0P = Py (0T /0Py) + Py 2 (atbk/jﬁl’b)’ |

which shows that if consumers are to stay on the same indifference curvés

. . . . i
the sum of marginal costs to society (duly weighted by price effects) of

transit services provision must be the same as the sum of individual wi

ness to pay (again weighted by price effects) for those services. This

ling-
of

course does not necessarily imply equality between marginal costs and prices.

In order to characterize solution values for our planner's contrel

bles (8, Pyy» PbZ) we follow the same methodology of previous sections,

varia-

that

is we make three assumptions concerning the structure of (compensated) demand

interdependencies. We start with the case of full interdependency across

periods12 and modes by writing (88) and (89) in matrix form as

11 (ecd).

In order to derive equation (88) we replace decision variables Py a

nd

Py2 in the original welfare maximization program (22) by Pp. Upon dif-

ferentiation with respect to Pp taking notice of

i i i i
a) ov /BPb = -} (tbl + tbz)

H

b) atj/an :
j=al,a2,bl,b2

Zi[(tél + téz)(at;/ayl) + (Bt;/BPb)] (compensated effecﬁs)

9% / 3P, = Zi[(tél + téz)(axi/ayi) + (axi/apb)]
c) (64) through (67),

we get our desired expression.

12, It should be noted that our assumption of a uniform bus fare between

E

i

b

i time

periods makes of necessity 9%:/9Pp, j =bl,b2, different from zero. This
fact makes misleading the heading "no interdependency either across periods

or modes” of system (93.3). The same remark applies to (98.3) in Mo

jel IV.
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Btallan ataz/an atbl/an Btbz/BPb [ M
MC
(90)
MC
| DY, 1/3P ey LGt /0P ey ﬁ(atbl/BPak)gak E(ath/aPak)gak_ | MC

As before we transform the equation system (90), taking notice of expressions

(71) through (74), into a system which explicitly provides us with the vector

of planner's control variables, that is

-~ -~ 1 7
B8 atbl/an ath/BPb 8 C
(91 P = P
bl g
L %akBak Oy G2 Ph2 A

where grouping terms are defined in Appendix i.4.

Contrary to Models I and IT we have now a two system eguations in three

unknowns, so that we have a degree of freedom. Some insight can be gained if

we restate (91) as

atbl/an ath/BPb Py PgC - B8

1

(92.1)

Q. a

b1 b2 Pp2 PoA =L 0808

With such a formulation it is clear that all we can obtain are tolls pb](e)
i

and pbz(e), where € is now an exogenous variable ~, :
|
|

When there exists interdependency only across modes, the above system

|
admits the following form :
i
|
|

13. Obviously we could have also chosen either Pyp OF Py, a8 the exogenous

varilable.




atbl/an atbzlan Py ch - BB
(92.2) =
' 1 v _ t
%1 %2 | Pp2 P& 1y 0Bar O
where grouping terms can be found in Appendix 1.4.

Finally, when there exists no interdependency either across perio

ds

. . 1
or modes, we obtain the following system

Bth/BPb Btbz/BPb Py
(93.3)

1" 1
Ph2 PgA’ - Zaakgak

where grouping terms are defined in Appendix 1.4.

14. Straightforward calculation shows that
|
_ " ' E
B = PgA /zkaakgak’ and |
_ T -~ -~

Notice that in this subecase Py and Py do not depend on O,
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MODEL IV. A UNIFORM BUS FARE WITH A BUDGET CONSTRAINT

In this case we have a model whose basic structure is quite similjar

to Model I. More specifically, the set of equations (50) through (53)

remains the same. Equations (45) and (46), however, now admit a unique

. 15 .
expression ~, 1l.e.,

(93)  [(r /0 =B 1(E | /3p,) + [(r_,/%) —P,, 10T ,/37,) +

+ L o —Pb](BEbl/BPb} + [(sz/x) -Pb](aEbZ/BPb) = (/) (t,

while equation (48) suffers a slight modification (viz. Pbl = sz = Pb

and now reads
(94) [(Tal/X)-Bal]zk(atal/apak)gak * [(TaZ/X)-_PaZ}Zk(ataZ/aPak)gak

+ [(Tb]/x) -Pb]Zk(aEbl/BPak)gak + [(sz/x) —Pb]Zk(Btbz/‘aPak)gak

The basic feature of this model, as in the previous omne, is equat

(93) which admits the following comment : The sum of divergences betwe

g

kL)

tp2

0, k=1,2

lon

social and private marginal costs weighted by pure price effects adds up to

bus firm's (global) supply of transit services, (tb1 + tbz)’ times the

shadow price of an extra unit of budget requirement 3B.

Taking advantage of definitions (55) through (58) and (59b), and

defining

(95) oM /0P, = [ty +ty, - (Anb/Atal)(aEallan) - (AHb/Ataz)(BEaZ/BE

b

- (AHb/Atb])(BEb]/an) - (Anb/Atbz)(aEbz/ap

as the impact upon public firm's profit of a small change in uniform

bus fare Pb.

15. Equation (93) can be obtained following steps analogous to those
described in footnete 11. The analogy is not complete because of
existence of the budget constraint.

the
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equations (93) and (94) can be stated in matrix form as :

atal/an ataz/an Btbl/an 3tb2/8Pb M, =P,
MC ,-P
2 2
(96) ac @
MCb1 -Pb
| ZOE, /08 ey LOOT/0 08,y 200, /B 08 DO, P e [ M2 TP |
ol /9Py
= (p/x)
BHb/BG
The equation system (96) can be transformed into omne which yields the
vector of planner's control variables (8, Pyis pb2> after substitution (with
a minor qualification]6) for the set of definitions in (61). The resultjing
system is
3] Btbl/BPb 3tb2/8Pb 8 C i
= |
97 Py i
E 08 “p1 %2 Pp2 A
where grouping terms can be found in Appendix 1.5.
Choosing 0 as the exogenous variable (97) can be rewritten as
ot /0Py 3ty /8P Py C - 886
98.1) =
“b1 “b2 P2 A =T 08y
|
where grouping terms can be found in Appendix 1.5 i
16. i - ] J
In effect, the expression for (MZCbk Pbk) in (61) now reads (M.Cbk Pb),

the RHS being unchanged.
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The above discussion refers to the case in which there exists full

inter-

dependency of (compensated) demands across periods and modes. When we pos—

tulate interdependency only across modes, a simpler structure obtains for the

above system, namely :

Btb}/BPb Btbz/BPb Py C-86

(98.2) -

1

akgake

1 1 f
%51 %p2 3% AL Lo

where grouping terms are those of Appendix 1.5

Finally, when there exists no interdependency either across periods or

modes, the simplest system obtains, i.e.,

~ -~ \]

atb]/an ath/an Py C
(98.3) =

" 1
0 0 L) AT ZOLakgak 0

where grouping terms are defined in Appendix 1.5. Note that in this last

subcase Py and Py, are independent of 9.
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MODEL V. A DIFFERENTIATED BUS FARE STRUCTURE WITH BUDGET CONSTRAINT AND

A UNIFORM LUMP SUM TRANSFER

In this section we finally extend Model I to the case in which lump

. 1 .
sum transfers of income ¥y~ to consumers are no longer an lnstrument
available to our social planner. Instead we postulate that he/she is

constrained to implement a uniform lump sum transfer, y.
With such a limitation, the following modifications are in order.
Budget constraints now read

i i i i i .
(99) Pt ¢ Pootoy * Pty * PLoti, + X =y Vi, i= 1,...,n,

Maximization of (1) subject to (99) yields demand functions

tJ% = t;’(P,y), i=1,...,n; j=al, a2, bl, b2 )
(100)
x' = xl(P,y), i=1,...,n.
The Welfare Maximization Program becomes
(101) Max W= ZiBlUl[til(P,y),tzz(P,y),til(P,y),t;Z(P,y),xl(P,Y)]
(Py1>Pps By B> B0 5
Ysta12 a2 tp1 T2

subject to (23) through (31) as before, Notice that decision variable

. . . i . . . .
been substituted for decision variables y  in the ariginal formulation.

Also notice that these constraints imply

(102) Y=oy = x + ng + e(galta1-+ga2ta2) *Ppitar t Ppotyae

y has

In words, aggregate income, Y, consisting of the proceeds from gasoliné tax

|
on private users and the sum of "tolls" collected, is redistributed to the

i

. . i

n consumers according to the uniform lump sum transfer y. i
i

|

[

In addition to (23) through (31!), first order conditions (32) through

(42) remain unaltered except (38) that now reads
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i,1 i i i i _
(103) Zis Mt ?(Btalfay) 'Ta2§ (3t ,/9y) _Tbli:.- (3ty,/9y) T1:»2? (aty,/3y)

- XI (37 /9y) = 0.

3

We cannot directly substitute (103) into (34) through (37) as before, so
a more laborious procedure must be followed.
Let us begin with a definition :

(106) o =ght

that

i , . . ‘g .
where 0~ stands for the social evaluation of the increased utility of |1 made

possible by higher income, and it is the product of the (private) marginal

PR . . 1 . .
utility of income for consumer i, A, and the social weight accorded tp

utility, B*.

We first use Slutsky equations

fl

i ~i i i _
3, /9P, = 3T /8P, - (3t,/dy)t, h,k=al,a2,bl, b2

(105)

i ~1 i i
% /8Pk ax /BPk - (8% /ay)tk k=al,a2,bl,b2

. e i . . . ..
and the above definition of ¢ to substitute into first order conditioms

through (37), Then we define :

i i

— _ i _ i _ i _ i
(106) v = « ra](atal/ay) Taz(ataz/ay) Tbl(Btbl/By) sz(atbz/ay

S

~x (3% /3y)

whose interpretation is given below, and note that (103) implies Zivl

Finally, we further substitute (106) into the resulting expressions fon

through (37), taking advantage of (32) and (33) and of the following fdc

upen compensated demand effects
. 2 n:
att at: ax’
bl b2
Py, t— =0, k=al,al,

|
9E I |
(107) P -2 s +p 0L
1 2 t
al 3p, aZ 3p, bl ap,

his

(34)

0.
(34)
t

bl,b2.

With this manipulation we get the corresponding expressions for equatidns (45)

through (48), i,e,,
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(108) [(t_,/% —Pa]](aEa]/BPbl) + Lt /%) —Pazj(aEaZ/aPM) +
+ [(ty /%0 =By 1T, /3P, ) + [(Ty /%0 By, 18, /3P, )
= (/0 ety - Eivit}iﬂ)

(109)  [(r_;/x) =B, (E_ /8P ;) + [(1,,/%) =P ,1(3E ,/8P,) +
+ [ty /%) ~P 1T /3P, ) + [(ty /%) — By, 1(8E , /3P, ,)

i

= /0ty = B v e,
(t10)  [(t_ /%) -2 ;] 1Z{(BEal/BPak)gak + (1,510 =P ,] i(aﬁazlalﬂak)gak +
+ Ly /0 — Ry TEOT /3 g + LT 00 Pl 2 (08,,/0% ey =
= (1/ 0= § (tilga] + tizgaz)vi - p(tb]gbl + thgbZ) + Y(ag/BPg) + x(Exlan)]
(D L /0 -2,,] L (BF /9P 1 )8 + LT /00 =Byl i(aEaZ/aPak)gak *
+ [(Tbl/x) _Pbl] i(agbl/apak)gak + [(sz/x)-szl E(BEbZ/BPak)gak =
= (I/X)['§(ti1gal * tizgaz)vi]
On direct inspection equatioms (110) and (111) clearly show that (49)

is verified. This in turn means that the block of equations (50) throuygh

(53) remains unaltered, Consequently, the basic structure of the present

model consists, in addition to that block, of equations (108), (109) and

(111). E

Let us interpret now the new features of the model under consideratio

| +

coming out in equations (108), (109) and (111). These are the terms i# vt

|
appearing on the RHS's, and its economic meaning may be seen from looking

|
e.g. at the right hand side of the first of these equations. We have !

i1
(l/x)(ptbl - Ziv tbi).
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The first term is already familiar to us. To interpret the term Zivl t
let firstly define

- _ i

Epy = (/M Tty = tyyf/e
and

Y = (I/n)Iv’ = 0 (by 103).

i
Then, we have
i = i - -
E‘v tbl E (v v)(tb1 tbl) Z'v (tbl tbl)'

Following Feldstein (1973), we could refer to Zivl tél as the di

The distributional characte

butional characteristic of commodity tore
is then the covariance of the social marginal (utility, efficiency) va

of income and of the consumption of commodity S

Distributional considerations appear, therefore, in pricing formu

b1’

stri-

ristic

Lue

las

through the additional term Z vl... In order to take optimal decisipns,
our bus company will have to know not only the distributional characterlstlcs
of the transit commodities that it produces, but also those of tal and ta2'
It is important to notice the fact that all terms in v' enter additively
on the RHS's. This means that all intermediate steps undertaken in Model T
are of application here too, so that we end up with the following final
equations :
(112) (Mca1 —Pal)(Btal/BPb]) + (MCaZ—PaZ)(BtaZ/BPb]) + (MCb] Pbl)(atb]/BPbl)
+ (MCbz-sz)(Btbz/BPbl) = (1lx)[p(8Hb/8Pb]) E v (tbl - tbl)]
with t,, = tb]/n
(113) (MCal —Pal)(atal/Bsz) + (Mcaz—Paz)(atazlanz) + (MCbl -Pb1)(?tb1/8Pb2)
- t = ) 1, /3P - Ll t
+ (M0, =Py ) (BF /8P 5) = (100 [e (I, /3P, 5) = Tvilty, b2)) |
with t,, = tb2/n
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+ (MC

b1 " Bp1) LT, /0P 08 ¥ (MOp ~Pyp) T (0L, /0P ey

i i - coL L _
= (1/X)[p(3Hb/86) - ?‘v E (tak tak)gak] with tx = tak/n, k=

Following the same steps that in Model I, the system of equations
represented by (112) through (114) can be transformed into one yielding
explicitly the vector of planner's control variables (0, pbl’pr)' In

present case it would be

B Oty /Py B, /3P, 0 B
(115) 82 atbl/apbz ath/apbz Py, = 82
| § %k Bax 1 % | lPe2| |4

~ _ i i =
where Bl = PgB1 (p/x)(aﬂb/BPb]) + (1/3) EV' (tbl tb])

5 _ _ i1 =
- _ i i =
A= a = (/0 (I /30) + (10 TV T (g = F )8,

and grouping terms are those of Appendix 1.!l.

The above system refers to the case in which there exists full iny

dependency across periods and modes. Comparing (115) with (62.1), we s

. . . 1 _
that they only differ in the terms in Ziv ... that enter additively omn
RHS. That suggests that extension to other structures of demand inter

dependencies is straightforward and we do not undertake it here, !

|
1
i
|
|
!
i
i
i
|
I
f

the

er—

eeg

|the



APPENDIX 1.1

Ay = L3, /9P 1 )8y ko= 1,2

Gag T LB, /0P )8y ko= 1,2

Oy = Zk(ath/BP k)gak k=1,2

Upg = I Bty /3P 1 )8y ko= 1,2

B, = Zk(Btak/BPbl)gak k = 1,2

By = I (Bt 82 )8,y ko=1,2

B, = zj(atj/ank)T. S = al,a2,b1,b2 5 k = 1,2

AT EyoyT; i = al,a2,bl,b2

Bk = PgBk - (p/x)(aﬂb/BPbk) k=1,2 ; BHb/BPbk dgflned in (59a)

b
Il

P4 - (p/X) (3T, /38)




APPENDIX 1.2

' = t =

age = Bt /3P L 0e k= 1,2
' = : -

Ope = Bty /9P 08,y ko= 1,2
' = p =

B = (3t /3Py 08,y k= 1,2

B = (88, /8Py 0Ty + (Of /3P, 0Ty ko= 1,2
v '

A L5037 ; j = al,a2,bl,b2
' v ' -

By = PgBk (p/x)(BHb/BPbk) k = 1,2
1 —_ 1 ] - T

A PgA (D/X)(Enb/Be)

r _ T _ ~ _ -~
(BIL /82y, ) = Lty ~ (Al /At o ) (Bt ) /3P, ) - (Al /Aty ) (Bt

t - = ' 1 =
(anb/ae) = Ej(AHb/Atj)uj j al,a2,bl,b2

_34_

7
/2%bk) |




APPENDIX 1.3

BH (a

tor /3P ) Ty

AM T.alT.

1
37373 j= 1,2

1
[

-
o

Bﬂ = PgBE - (p/x)(BHg/BPbk) k =

At = PgA - (o/x)(aﬂg/ae)g

aHb/ank = [tbk - (AHb/Atbk)(atbk/BPbk)] k = 1,2
/3 = -z, el j =

P b/ 0 ZJ(AHb/AtJ)aJ j al,a2




APPENDIX 1.4

B = Zk(Btak/SPb)gak

(@]
1

Zj(Btj /BPb)Tj = al,a2,bl,b2

[Py
|

c' = zk(aEbk/an)Tbk kK = 1,2

A1l other grouping terms are defined as in previous appendices

APPENDIX 1.5

C = ch - (p/x)(BHb/BPb)
C'= PgC'— (p/x)(BHé/BPb)

(ané/an) = [ty *ty,y = (AHb/Atbl)(8Eb1/3Pb)—(AHb/Atb2)(BEbzlan)]

All other grouping terms as in previous appendices
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