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1. INTRODUCTIORN E
;

It is a fact that uncertainty imposes risk taking bBehaviour
to private investors. Accepting the value judgement tha% the
State is only the collection of individuals comprising éociety,
is it appropriate to discount public investment in the %ame way
as private investment, or not ?

This is s debated issue, the nature of which depends on the
financial arrangements society has at its disposal. Secﬁions 2
through 4 summarize the most well known propositions onfthe S b~
Ject. Section 5 explores in depth the two last contribufions to
the debate. !

2, PUBLIC INVESTMENT IN THE ARROV-DEBREU FRAMEWORK

The most well developed theory of resource allocatﬂon under
urncertainty is no doubt the Arrow-Debreu state—contingeAt commodi-~
ty approachl. In essence, this approach converts the ec&nomy into
an expanded system of insurance market32 in each of‘whiéh there
is a price known with certainty. The standard analysis éf consump—
tion and production choices under certainty spplies dir%ctly to
the state-contingent commodities, and hence known theorems can be
applied. i

The implications of this theory for public sector investment
have been explored by Hirshleifer., His conclusion is cl%ar:

"The efficient discount rate, assuming perfect marﬁets, is

the market rate implicit in the valuation of priva&e assets
whose returns are "comparable" to the public inxe%tmant,in
question%where "ecomparable” means having the same broportio-
nate time-state distribution of returmst, |

Hirshleifer also shows that in genersl the rate of ﬁiscount
on public sector investments should contain a risk premium, though
it will vary with the project, and may be positive or ne%ative.

It is calculated from the prices for the state—céntingen& oﬁtputs
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which the investment will generate. Arrow-Lind, howeverl have pro-
3

ved a theorem which establishes conditions under which a riskless

public discount rate showld be used-. |

The Arrow-Debreu economy, however, presents a fundémental
i

difficulty, which is that we cannot assume the existence in fact
4, andﬁso the mo-

del loses some of it normative interest. ;

of sftate~contingent commodities and their markets

3. IMPERPECT SOLUTIONS TO IMPERFECT MARKETS : RISK POOLING VS.
RISK SPREADING ‘

In view of the defficiencies that present capital markets
show relative to the perfect insurancs markets construc#ed by
Arrow gnd Debreu, some authors have pointed out two reaéons why
the government may mot follow the risk-taking behaviour of priva-
te investors when evaluating investment projects. Theseiare the
phenomena of risk pooling and risk spreading to which Wé turn now

to comment.

3.1 Risk pooling: the Samuelson anéd Vickrey view.

Without going into details, their position can be %ummarized
as follows, Individual enterprises are 00 small to be ﬁilling
to underteke socially desirable risk investment. The hiéh rates
of return fournd on investments in the private sector aré the re-
sult of discounting for risk, and differences in rates df returnﬂ
across alternative lines of investnment reflect'differenées in

pooling5

opportunities open to investors. The government, however,
invests in a great number of divers projects zmd is ablé to pool
risk to g much greater extent than private investors, Tﬁerefore,
the discount rate appropriate for evaluating publie invéstments

should be lower than the discount rate used to evaluate comparable

investments in the private sector. Moreover, the extremély large
and diversified investment portfolio held by the public sector,
Justifies the govermment in uSing the expected present v%lue of
a pyroject as =en approximate measure of its contribution %o social
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welfare without taking risk into account.

3.2 Risk spreading: the Arrow-Lind proposition.

Risk spreading occurs when the benefits and costs o% a project
are shared among a large number of individusls. In the cbse of
public projects financed out of general tax revenues ris#-sPrea-
ding takes place among individual taxpayers. As ArTOW-Li%d have
argued: %
AL.1 if all the benefits and costs of a public: sector in%estment
are reccvered or borne by the govermmentit, which then det%rmines
its total taxatiorn in the light of them. E

AL.2 if these benefits are uncorrelated with national ingome, and

AL.3 if the project is small relative t0 national income%
then, the totel social cost of risk bearing associated with any
individual invesiment tends to zero as the number of tax%ayers
tends to infinity, and so for large populations; it can Lffective—
1y be ignored. Hence, in this  case the discownt rate would not
contain g risk premium,

A1l three conditions stated above are necessary. If the reci-

pisnts of the outputs of the invesiment are risk-gverse and retain
net benefits, then these should be discounted for risk. if the

net benefits are correlated with national income, a riskipremium on
the discount rate will be appropriate, and its sien Willgvary di-
rectly with the sign of the correlation in question, Fin#lly, the
argument is alsoc ingpplicable for a project with a suffi%iently
large variance to affect individuzlg significantly.

}
|

3.3 Risk pooling vs. Risk spreading: The James proposition.

Risk spreading applies in the meny-investor case, régardless
of the number of projects. Risk pooling gpplies in the m%ny~pro-
ject case, regardless of the number of investors. The fo#mer is
en argument for piecemeal evaluation of projects, the laiter for
their global evaluation. James has pointed out that theré may be
an inconsistency between these two arguments and concludés that:

- 3=



"Piecemeal decisions based on risk spreading will lead to a
correct global outcome if and only if sufficiently large

gaing from risk pooling are also present, when the invest—

" ments are mpeveluated as a group."

3.4 Evaluation.

The relevance, in isolation, of the Arrow-Lind proposition
to public secter resource allocation is very much in dou%t. Ih
mixed economies, the returns 0 most public enterprise iﬁvestments
are highly correlated with national income (it should be!said that
Arrow=Lind appear to have in mind small localised investments in
non-marketed outputs, or at least those which have strong publie
good elemantss), while net benefits of public goods are certainly
not recovered.

The very presence of highly correlated& projects (with national
income) invalidates also the argument for zero risk premium in the

digcount rates of public projects, which is the extreme conclusion

reoached by Samuelson and Vickrey. To see what is involved we can
refer to a contribution by Jensen and long in a CAPM fraiework.
According to them, necessary conditions for the simultan%ous:
existence of zero sgsociagl rigk and positive private risk gre-
BJ.l the existence of zero covariance among the returns ?n a very
large (strictly infinite) number of assets, end
BJ.2 the nonexistance of perfect markets for fractional #laims
on the returns of assets. |

The following passage deserves quoting: :
BJ.3 "As long as there are perfect markets for fractionai claims
on the returns of assets, indlviduasls in the private sec#or can
through diversification (pooling), reduce their private ¥isk to
the average covarience among assets, which is an irreducible social
rigk... In view of the evidehce that virtually all asseté sold in
equity markets have returns that are po_sitively intercofrelate&,
it is obvious that neither perfectly functioning risk mafkets nor

the total transfer of private sector activities to the p@blic

i
i
|
i
t

-4 -



!
sector will eliminate this risk.,"

To this one can add that in the purely private econpmy
contemplated in the basic CAPM, risk is glso shared effﬂ01ent1y
among individual shareholders in the economy. The 1mport?nt point
to note here is that these critics come from an analysisgwhere
the perfect insurance markets of Arrow and Debreu have b%en
replaced by a perfect stock market7. The corollary is th%t the
only barriers to a socially opbtimal risk level are imper&ections
in the stock market. Is the Hirshleifer prescription stiﬁl
mandatory in this framework ? To answer this guestion weédevote

the following sections,

4. OPTIMAL INVESTMENT RULES FOR PUBLIC INVESTMENT IN A MIXED
ECONOMY: SANDMO’S. CONTRLBUTION

Sandmo gives the most robust defense and limitationgof the
Hirshleifer view for a particular mixed economy. He consﬁders a
mixed economy in which any activity undertzken by the puﬁlic
gector is replicated in the private sector., More technic;lly,
he makes a partition of all economic activities into indﬁstries
according to the Modigliani-Miller concept of risk classes. In
industry j, say, the ratio X /X of private and publzc production
is independent of the state of the world. COtherwise Sald outputs
in the private and public part of each industry are perfgctly
correlated. ;

He then examines two structures of private capital parkets.
In the first one, where all private firms are organised as =l
corporations and their shares are traded in a perfect stock
market, he finds mandatory the Hirshleifer prescription for public
investment., That is, " risk margins " in the private sec%or
represent a social evaluation of the risk associated with each
type of investment, and public invesitment must imitate p?ivate
investment. Market data contain all the relevant informa%ion.

In the second framework, where there is no stock ma*ket,

no such a clear cut prescription can be drawn. ;
The critics to be addressed +o this contribution aie

-5 = ;



essentialy the same ones that Mossin directs to Diemond, whose
work provides the basis for Sandmo’s contribution. Thesfe are

two, namely: @

a) The case of de_composable production functions is g %ery special
one and hence of limited interest. It excludes from con$ideration
stochastic dependence among output of different firms; %nd

b) The valuation model utilised, based on the pr0portioﬁality

assumptions, is generally not wvealid.

|
5. OPTIMAL INVESTMENT RULES FOR PUBLIC INVESTMENT IN A MIXED
ECONOMY UNDER A MODIFIED SIM MODEL |

i
i
i

5.1l Abstract

The last two contributions to the debate have emeréed under
the framework of a modified SLM model. This model permi%s to
calculate equilibrium values for private firms with arbitrazy
output patterns and allows explicit consideration of st&chastic
dependence among different firms, This model is present%d in
section 5.2. In section 5.3 the . formulations of Stapleﬁon and
Subrohmanyam (1978) and Holmstrom are summarized in thegtwo
investors-two firms framework they use. Section 5.4 pregents
Stapleton’s-Subrazhmanyam’s optimal investment rules, Finelly,

in section 5.5 wWe present a reformulated version of Holmstrom’s

Work. ,
Issue: the very presence of public firms induces aﬂ

imperfect distribution of risk in an otherwise perfect gtock

mgrket economy. This dictates a higher discoumt rate fo% a firm

after ite nationalization relative to the one it would ﬁse in

a purely private economy ( Stap. and Sub.). In an already existing

mixed economy, if a public and a private firm face the éame

opportunity to invest in a new projsct no unambiguos co@parison

of coéts of capital seems possible (Holmsitrom);



5.2 Valuation model in a mixed economyg.

s S p— -

We congsider an economy consisting of H individuals§
(= investors = taxpayers) end n firms. The following
sgsumptions are made:
V.l Single period framework.
V.2 Firms. Private firms j= 1,...,L (or je P) generate random

returns ij which are distributed to investors according o

their perfectly tradable share proportions Zij, iEEH,ljé P.
Public firms j= 1 + 1,...,n (or j€N) generate random | returns ﬁﬁ
77 which are arbitrarily allocated through the tax syst%m;o to
the individuals in the econcmy in nontradable proportions
%ij, i€ H, je N. A1l Xj, J=1,...,n , are normally distributed.
V.3 Investors _
(i) They are risk averse and maximize CARAll utility ﬁunctions
over their final uncertain wealth. This assumption tqgether
with the normsl distribution of the XJ, d= 1,...40 pérmats
to write their utility functions in terms of the mea# and
varience of their final wealth: Uis £, (B, V,) , 1% H
(ii) They have present wealth, Wi, in the form of bon@s, m ’
and share endowmants of private firms, Z13, ie H, j&, P.
is taxpayers their future wealth will be affected by their
holdings ¥ij in the publiec firm j, i€ H, j6 N.
(iii) They have homogeneus expectations with respect to the

means, variances and covariances of all random returns in

the economy. The following notation will be used: i

. |
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Where/aj is the mean return of Xj, Uﬁj its variance, and G&k

its covariance with Xk 3 A is the variancew~covariance
of future returns of all existing firms; Hpand Myare *

of mean returns of the private and public sector firms

matrix

he vectors

respectively; B and C are the variance-covariance matqices

of future returns of firms in the private and public é

ector

respectively; and, finally, D is the matrix of covariénces

between the future returns of the priwvate and public é

. |
firms, |

ector

i
V.4 Private capital market. Investors have cpportunity to

borrow and lend in unlimited amounts at a given risk-f

of interest denoted by (r - 1). The market is perfect.

2. portfolio demend ,

. | 3
The model derives equilibrium valuwes ['j, jeP, for

ree rate

the

equity of the f private firms at the beginning of the beriod.

The demand of investor i, given an arbitrary value veé

pee po-o !

, can be derived as follows: ;

tor

Since he comes to the market with wealth Wi in the &orm

v7of bonds and private share endowments, investor i‘s budget

constraint is

T
{

R m;+Zfre , YieH |

- - T .
Where £: i ZH;'"'¥ft§ end &i: ;zf‘“"'zd } are vectors

of initial and desired proportionate holdings of the i

firms regpectively. The initial and desired proportion
holdings of bonds are M  and Mi respectively.
Investor i’sg objective is to maximize a function

(3) i - 'FE(E;I.U-I') 1 FieH E
i,

Risk aversion implies fie20, fiv <0,

Mean end of period wealth is given by

E;= rmi+ ] pMp fdipN vieH
which after substituting (2) is .
(4) E=r [ﬁi* (%g-¥g)rf]+ frﬂf p ¥ Mu Vee H

private

ate



The variance of end of period wealth is !

(5) Ve @ OE +0TCxi+ ZEDY VieH

Substituting (4) and (5) into (3) yields the objective

funetion

i- : 0w O g 27T
(6 Ui: f; { f‘[ﬁhﬁ(f:'?i)?g] 41-{/49 + c\/‘T/uN ; BT Cx; 4 2

D‘Vi } Hr’i H

whose FPOC for maximum of utility with respect to the demand

vector is |
(1) dli Jd% - fie (dEFdE) e b (Ve[ 4E) .
. Pie {,up-rpp]+2f’fv(BZ:+90(:]=0 YieH
The optimal demsnd veetor is the solution of the set of

equations represented by (T7):

(8) &= (pis /-ZPw)B-' (,Mp-"{’f‘) -~ B Dw;

V;'G H

Basic remark l.- Equation (8) violates the portfoli¢ sepa-

ration theorem of the basic CAPM;Zand portfolio holdings are

unique to the investor i. Intuitively, investors’ desiz
holdings of private sector firms’ stocks are adjusted
to their holdings of public sector firms that they are
constrained to hold, based on the covariance structure

retiirns of the firms in +the two sectors.

3. Market eguilibrium

red

according

of the

¥
Merket equilibrium can be defimed as a vector of values pe

at which excess demands for all i private stocks are zero,

where demands for the H investors are those which maximize

their respective utilities.

Imposing the market clearing condition for the private

sector firms

() ¥, %4

and a similar condition for the public sector
IS

(10) Z,‘ i« 4

wWhere 3 is the unit vector, in equation (8) yields

(11) Pg - (111‘][/“1’-R(BT+DI)]

Where
(12) R i/[;(hcﬁle)
-9 -
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is the market risk agversion parameter.
The price for the jth private sector firm can therefore

be written as

(13 pj = () [ - R (a5 4 %& Gi)] g d

Eaquation (13) says that the value of the jth private #irm is

the discounted value at the risk free rate of interes# of the
certainty equivalent of the firm’s return. This certainty
equivalent is the expected value of the return less i#s variance
plus the sum of the covariances with all other (priva%e and
public) returns in the economy multiplied by R, the market

price of risk13. g

|
Basic remark 2.- The values of firms in the private sector

of the mixed economy, as a given by equation (133, are

identical fto those in-the CAPM pure private economyl4.

4. Bquilibrium portfolios

(sub)
The/bptima115 portfolio of private assets held by individusl
i, 73, can be obtained by substituting (11) into (8)
ot 2 -1
(14) F5 < (Fe/-2h)R (140 Di)-ﬁ D FieH

This expression is stated in terms of market data and [deserves

the same comment as that given %o equation (8).

5.3 A two—by~-two mixed economy.

¥e consider now the specific case of a mixed economy in
which there exist only two firms j= 1 (private), 2 (public) and
two investors i=1, 2. This is the framework where the last o
contributions to the debate have emerged. Below are given on
the left (right) Holmstrom’s (Stapleton’s and Subrghmanyam’s)
formulations.

Utility function of individual i over his final uncertain

wealth is of the CARA type

(x5) (Vi) = - prop (- ¥ilpi) - picp (Vi) 10
which can be written in mean—vari?nce terms as ,
(16) Ui {Ei Vi) - £~ (4[2fi) T l Ei - (ﬁ"/”vi E f=1il

where (in scalar terms)

!
- 10 - |



(17) E;= T [ﬁﬁ-(zi"?{”‘!] + Zi/ul t ﬂ(“/ll; t4 hi
(18) Vi Z,'t fu + 0(,'2 (21 + Lt v 0ia ithe
Individual i’s risk tolerance is |
!

(19)  (bie[-204): pi (4l ST

and the market risk aversion parameter is glven therefore by

(20) R: 1/{! PA'E/"ZPW)g i/[,ﬁl l 1/1,. | |%h2

Noticing that B= fu , B= (/0 ), c= O‘zz , D= 0n
B 'D= (1/ ) U, equations (8), (13) and (14) reduce toéthe

following scalar expressions

(21) Ti: (UT)[ (- rp)pi- i ] E (116 ) [ 10- ﬂz”:] is I
(22) Ff : [l/r)[,%-ﬁ{ﬁ'nfﬂz)]
(23) Tf: PR+ (pR-wid(onfm} o (4p)R+ CUMIR-Xi (G fou) iz 002

To repeat, equation (21) gives the demand for private shares of
individual i. Equation (22) yields the equilibrium value of

private firm’s stock. Finally, equation (23) gives invesﬁor i’s
purchase of privde shares in terms of given data. |
Remark,- As commented iq&he previous section the separat?on
theorem does not hold in this economy. In a PPE agents would
purchase shares £i= ¥i= ﬂiR, i=1,2 (tesking the Holmstrom’s
cese). This situation would not come out in the present model
except by accident provided Viz, Gll are different from izero
and finite. Investor i, however, can offset his biased sllocation

of public firm’s shares when there is perfect correlation

between the two firms. As en illustration, assume the §1F bﬁ%,
b=constant. Then, applylng (22) i’s return will be |
(24) 3 RIS AT RO+ K,

which is the same return he would obtain if both firms were

marketed., Notice that Sandmo’s snalysis corresponds +to this

special casex



5.4 Stapleton’s and Subrshmenyem’ss optimal investment rules
;

These authors compare discount rates in a2 mixed eco#omy
whith those in en identical but purely private ecomomy (PPE).
Their contribution can be summarized as follows, E
S31. Finencing of private investment is made through a rkduction
in the amount of riskless investment. f
ss2. Firms j= 1,2 use different technologies characierized by
stochastic constant returns to scale, S0 that we can write (1)

in per-unit investment terms as

¥ = X.[1. i=1,2
X XJ/IJ i=1,
(25) Ay ’”j/Ij L
25
F o T 2 "
iy T3l TS
;o _ g .
\ 5 ij/lj L= 0y 5 §# k=1,2

Where cfjk is the correlation coefficient between the two - -
technologies
833. Pareto optimal levels of investment in a PPE are given by

r j ke
k¥ g §#k=1,2

» 1 !
(26) I,= (1/R Ujj)[ﬂj—r—RI

and gchieved by wealthls—maximizing firms scting as price takers.
These levels of investment obtain when Tirms equalize at| the
margin their expected return per unit of inVestment,_Ag, with

their cost of capitel, fj’ which are given by

4 ) 1 .
(27) [=F+R (Ij Ujj + I, ij) jk.=1,2

S34. Firm 2 is nationalized and, by the analysis made in;the

previous two sections, the value of firm 1 does not change,

Taking advantage of (22) and (25) we can write it as

(28) p; = (/) I, M =R (z2 0—3:1 - I,I, O'ié)]

— — — m— — - e e g e @e e

meximizing investment decisions of the private sector firm are

the same as they would be in a PPE.

- 12 -
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Proof.- Taking advantage of expressions (16) through (21
(28), it can be shown that
G..l

alf,/at, = (&/ )L A —x-R (1, T, + 12)

which evaluated st I, =TI, in (26) is (dl_li/dn;l)]1
Remark.,- This result depends on the level of invéstment

(29)

public firm remsgining unchanged

L= Rl Nt —

cost of capital to the publlc firm, the soc¢ial rate of 4
is higher than it would be if the firm were private.
Proof.- Step 1 (Pareto criterion failure). Taking again

of expression (16) through (21) and (28), it canr be show
Gy Y
.[R/ﬁi

(30)

[/“2'”' 34,5 22] [012/

- J[R(T T + 1, ) - A, 1,0,]

p [ R/p ) 1 4 (/T (W, -x )]
Noticing that ¥ o= 1 -Nl

if ;1 () Rp » (U /4, )lf
11!

if the share of public firm al
to individual i (i=1,2) differs from his optimal holdin
the PPE, L.e, o, % R/ ;v then one individual will desir

investment and the other:a reduction in the level of inwv

$) 0 and (& U2/d

and viceversa., In words,

after nationaligzation has teken place.

Step 2 (Kaldor~Hicks criterion)
2 2
L; (aUy/am,) = (& fn + &5 fry = R) T,
' ' 12 ¢
.[_Gll+(0'12/!7 ] £o
. A L
with equality only if &= R/ﬂ'i and or q, =

(31)

-1

|

) and

i3 ,2
|
i

1=1,2

Ein'-f the

The

iscount,

advaentage
n that

Ml

RO

12)I
Te=
Nocated

g in
e increase

estnent

. Apar¢ from

these cases the derivative in (31) is strictly negative indicating

thet a reduction in the level of investment I, would increase

welfare. That is, while the level of investment in the p&ivate
|

A
sector Il= Il

-113 -

|
I
i
{
I
i
|
1
|
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remains Pareto optimal in the mixed economy, the



i
level of investment in the public sector should be reduced from

its level 12= 12 in the PPE. This implies a higher cost of capital

for the public firm, the expression of which can be deriwved by

setting (31) equal to zero and solving forJA/é to get:
(32) M= (>2=r+3(11(7'12:512 0_2’2)-#(0(32_/51-#"(2/32—3)'
15! ’ ) o
[6-22'(512/011) ]

” 2 2 ' ! v 2> 2
z[’a"'("‘lﬂl*"(z/’z“ﬁ)[azz“(le/oill"') J=(’2

5.5 Holmgstrom’s optimal investment rules

Holmstrom’s starting point is the situation of finapcial
equilibriun described in section 5.3. He then introduces for
both firms the same opportunity to invest in a new projeLt end
examines whether the public firm shouwld require s higherior lower
expected return than the private one. The following assu#ptions
are made:

H.1 Financing of the new project is made (when privately
|

undertaken) through a reduction in the amount of riskles

E
investment .
H.2 Return on investment in the new opportunity is of ;:Lﬁfggazrwl
stochastically constant returns to scale type, i.e, and Fnd of

period return i’per wit of investment. It is postulatedithat

7 is normally distributed with mean 4 _, variance /) and

" "s . '
covariances 0£z= cov (Xj, zZ), j=1,2. |
|

H.3 Investments in both Ffirms are judged according to thb Pareto

19 ;

criterion™, which recomends investment if

([i dUi / dI)I.: o}

e G W e W g g e e Geee o — mn e ver s — i

Assume that the new project is undertaken by the prﬁvate

t

firmzo. Vhen firm 1 invests I in the project, if we distinguish
the prior (preinvestment) variables by * We obtain the ngw -
varigbles !

- 14 -
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f§1=§;+IIZV
/‘l=/b{+l/uz
2 7

+2IFIZ+I 2

U11= 611
= T+ 10y,

2= (7 03) [ (g = mpy) g - Op ] s 1m1,2
| 17 /e[y = R (O +03p)

The following facts will be used

(ajy /an)| - =M,

(33)

(34)| (a 034 / ay =2 V.,
L(d 612 / dI)II.—O - 6-22

In order to get the Pareto criterion we must comput
(au i/dI)l , Taking advantage of (16) We have
I:

(35) (aly/a)| = (@B /an)| = - (2/2fry) (dvi/dl)]l-o

Now, since we start from a position of equilibrium, taki
advantage of (17), (18), (33) and (34), replacing ~ by ¥

g

ng

in
(17), and noticing that variables at zero investment levels
coincide with preinvestment equilibrium variables, we obtain
(36) (dEi/dI)lx-o = (a[ rf{m + (2]- 5) ] + 2, 4y # x| 4] /dIQL
- (A -~ p:’[) (dzi/dl)lno +. z; My ’
(37) (dvi/dl)lm - (af gy Ty {05, 2z, 0] /a0,
=2 [Zfﬁ-lz + 2%, Oy + (2] 07, 44 Ufz)‘

(ar, /) )

Substituting (36) and (37) into (35) one getszl

(38) (a ui/dI)I

120

+[ay - vy = (/) (203, + % PNIE

. ( dzi/dI )l.l‘.- 0

- 15 -
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- ¥ - s ¥
=8y My = (U fy) (2] 0y, 42,4, 0,))
since applying (21) the expression in brackebts cancels out.

Adding (38) over the two investors and making use of

conditions Ei Z;Z =1, and zidi = 1 yields the Pareto criterion
[
for private investment in the new project !

(39) L, (a ui/a:[)l = Jp=fp> 0 |

I=0 I

Where
(40) =R Oy, + R, Oy,
(41)  R= 25/ + B/ fy

(42) Ry= 214 /p, + 234, /4, |

are, respectively, the cost of capital for the private firm
end the prices that it associates with risk dimensions tj'lz
and Gzz'

As a standard of comparison, the value-maximizing criterion

would read

(43) = p>0

where !
(44) p=rR(0,, +0,))
(45) R=1/(py +p,)

are, respectively, "the" cost of capital and "{the" price of risk,

Assume now that the project is undertaken by the public
23 that

2 .
(46) (aUyfan)| =X A, = (/) Oq, + B Xy 0] 11,2

The Pareto criterion for public investment, Which obteins
: |

firm. It can be shown

adding (46) over the two investors and teking sgain adventage
|

i +
of COIlS.l'thIlS Zio(i= 1, Zizi'—' 1, reads

(47) L (dui/dl)lm =, =022 O

i=

- 16 -
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where

R, as defined in (42)

2 2
= o
(49) Ry= /Py + %/ 4,
are, respectively, the cost of capital for the public firm and
. i
the prices that it associates with risk dimemsions 0 1z 'and 0‘22.

Notice that public firm associates R, With Giz while prilvate

2
firm associates 1t with 6;2.
The following Lemma and Propositions summarize the most

24, 25

important features of the model . In short, there is =

neither a single measure for project risk, nor a markeﬁ price
by which the cost of risk can be evaluated, and hence firms face
a portfolio choice problem..Moreouer, contrary to Stapleton’s
and Subrzhmenyam’s result "no umambiguous comparisons of the
cost of capital between marketed firms seems possible when the
two'sectors are imperfectly correlated®™.
Lemma.- The following relationships between risk prices lcan be
recorded

L.1l: Rl) R
. > o £
L.2: 0.12(<)0->R2(>)R

L.3: RYR

3
Lod: 0,00, 0, ()0, 3R (5) R

* —— *_. = “._ —
L.5: di— Zi_ ﬁiR (i=1,2) = R,—Rl= 32— R

3"
Remark.~ In L,1 through L.4 the assumption is made that shares
digtribution is not optimal, i,e., the LHS of L.5 is not verified.

Notice akso that only when (accidentally) Ni=,6iR , We have a

wique price for risk.

Proof: See Appendix 1.

i
i

a and b below show that the Pareto criterion may be eith%r e

. . — . .| .
gstricter or more lenient than the value-maximization crlﬁerlon

- 17 - |



for the private firm:

G = >
2. 0,20, 07 >0,0, =0=2p>f

12

? _
b. U‘lz o, Glz.. 0, 622> 0= <

Proof: See Appendix 2.
In a mixed economy, however, the arbitrary allocatie

public firm’s "shares" through the tax system makes inapp
the value-maximization criterion for investment 26. The 1
comparison is, on the contrary, between pl and ﬂz. Some|
statements are given by the following

— o gomp — qma

higher or lower in the private (marketed) sector than in
public (non-marketed) sector. As en illustration, assume
Nl#ﬂ'l R. Then

8. 1, 205 05,00 =2p, ¢

b. f1, %00 0 £0 2Py 00,

5y 0 |
c. for any Vlz’ there exists a Féz such that Géz (%) 62;

: G >

d. for any Géz, there exists a Giz such that Giz (2 ) Fll
|

e 1,0 05,000 T35 T Py ¢ (2 |
. g

el By = 05,200 39 > (3= Py < P |
]

)

el [, 03,500 Ty3> (a2 2[4 ¢ P2

f. (Independent of the heading assumption) Eiz = 622 =0
]

n of
ropriate
glevant

summary

the

Ui27 o,

aﬂl = f2=o

Remark,.- As shown in Appendix 3, statement e is not valid without

further qualifications. I have included statements e’ and e’;
|

which serve, I hope, the same purpose. ;

Proof: See Appendix 3

Statements a and b show that diversifieation pays fé
firms (b can be taken as mn illustration of the Sammuelsé
view), Congideration of market structure and the type of%

present in different sectors alters Hirshleifer’s recommé
r

- 18 -
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that government should imitate private investment. Notice also
that even if (public) firm 2 contemplates an investment in the
some risk class as firm 1 (so that 0 oL 0., 0 .. o00..D it
12 oo 11 22 120
cannot read the price of risk from (22)°" ~ since R2, R3 # R =,
nor will use the same criterion as firm 1 would usggconsidering
28 In
the same project .
Statements ¢ and & show monotonocity properties. The higher,
say, Vlz’ the more likely the cost of capital for firm 1 will ..
- ceteris paribus - be higher than for firm 2. |

Statements e’ and e’’ show that the size of firms slso play

a role. .If the private sector is large, V12< G]J) Fzz 207

z b4
and this makes the cost of capital in that sector relatifely

I
lower, Reversing the inequalities one gets again Samuelson -
|

Vickrey ‘s results. |
Finally statement f is included to represent the Ar%ow—Lind

rofec !
case, i.e., a new/uncorrelated with both sectors. The absence
. .29 s . . | .
of risk“” makes no distinetion between Pl and /2, which are in

fact zero, Therefore, We have a situation of imperfect r%sk

sharing in the private sector and an uncorrelated project but
|

no argument to rscomend F1>[,2 = 0. This is a conclusion! that

Holmstrom does not want to draw, but it is clear.

- 19 -



FOOTNOTES :
: !
1. In the state~contingent commodity model contracts fol the
transfer of a commodity=:specify not only its physical £¥0perties
and the date of delivery, but algo an event on which th% transfer
is conditional. Preferences, production, and endowmentsiare then

specified in terms of such contingent commodities, and % market

is created for each such commodity. E

2. In the perfect insurance markets, prices orPrisk preﬁia,
|
would be associated with each competitive equilibrium ailocation
!
indicating the terms on Wich individuals Would be willing to

|
trade certain income for risky outcomes. ]

3. In the Arrow-Debreu economy, if the refturms of a puh}ic gsector
investment project are uncorrelated with the value of nétional
income (measured as excluding the retirms to the projee%), then
the relevant public sector discount rate does not contain a risk

premium,

4, Moral hazards, trangaction costs... are often quoted as reasons

why markets for many types of insurance dd ne exist.

5. Risk-pooling occurs when an investor has a portfolio of many

small projects with (relatively) independent probability distri-’

butions, By the principles of portfolio selection, the probability

distribution of the portfolio is much less dispersed than the
. |

sum of the distributions of individual projects, and the cost
i

of risk beaying will be low.
;
6. See Arrvow-Lind (1972)

|
7. This is also valid for Sadmon’s work, although he does not
;

use the CAPM framework, ;
|
|
!
}
|
|
I
!
|

- 20 -



8. The prportionality assumption represents a particular
fication of the firm as a price tsker. It says that with
production function such that output will change by the
percentage in every state of the world, the firm will bs
investment decision on the belief that the value of the

will change by the same percentage. See MNossin, Chap. 13

9. This Section is an adapbationm of
Subrahmanyem (1980), Chaps. I and VII.

Stapleton and

nlO.If the final returns of the public firms are high (lo

taxes levied on individuals are relatively low (high).

11. Constant Absolute Risk Aversion.

12. In a pure private economy (PPE) equation (8) would r

23 = (fig/ = 2 £, RV rp)
where A is defined in (1), # is the vector of mean retur
F is the vector of wvalues. in such an economy each inve
chooses a multiple (f‘iE /) - inv) of a standard vector a

portfolio proportions (the market poritfolio)

13. We shall see later that, gpart from the expression g

equilibrium values, no such a market price of risk may ¢

when investment is considered.

14. In the PPE equations (11) and (13) can be obtained b

. =1 , in

imposing the market clearing condition Z:i Z:L

equation appearing in fn 12.

15. Suboptimal relative to the PPE case in whioh (14) wo
o n :
r%dzi“( fﬂ?/Qﬁy)Rl ¥ieH

16. Thege authors use wealth-maximizing and value-~maximi

expressiong as equivalent.

» gpeci-
)

game
ge its

firm

w), the

read

ms and
stor
f

S ving

xist

Y
the

uld

zing




17..We have to show that ( &i ﬁi_+(¥§ (Y, = R) > 0 provided

2
O(i%R//}i since I.> 0 end [ ]2 0. Choosing D(lzﬂ//}l-q-f S
X, =R/ fry-t. Then, X2 + a2 p, ~[Rh +e]?p, +

+ (W, -€]° By=2+ £ (h 4 A)> R providea

£ 0.

19, This title ig misleading. In the literature on Pareto .

optimality of investment in private capital markeis (see Mossin,

|
Chap. 15) the Pareto criterion requires ( d(Ji / ar)| » o V..
I1=0 |
This last condition is not verified in the present model% 80 that

what Holmstrom is actually wusing is the Kaldor-#icks crﬁterion.
u

We preserve, however, Holmstrom’s term. *

20, In the formulation that follows monopolistic behaviour is
postuliated on the part 4f both firms with respect to the new
project. I make explicit here a hidden end contradictory assumption
made by Holmstrom. See also fn 2Z below,

21. Notice that expressions (d.pl / dI)[ , (dZi / dI)L_

I

play no role. Note also that neither r nor Vil appear.

22, This statement needs the qualifier "in z competitive PPE®
for it is clear that from (33)

(apy/am) =) A -Rr (2T, +0,)0]21 3
[#, - R (20, + [,0]> x>0 (14.1)

i

while in a competitive PPE, the value maximizing eriteribm

(which is Pareto optimal) would read
IR V2 TN FR
[u -r(o, + 6,)]> r>o0 (14.2)

i
!
|
i

- 22 o



The word competitive is c¢rucial since monopolistic under

of the new project even in a PPE prevents reaching (firs
relative to Holmstrom concept of) Pareto optimality. The
difference between (14.1) and (14.2) reflects the kind o1
monopolistic behaviour we refermi?%xlfn 20. For further

see Mossin, chap 15.In spite of this we preserve, as beifs

Holmstrom?term. |
|
|

23. See Appendix 4 for the derivation.

24/5The formulation presented above differs slightly from

Holmstrom’s. This has been due t0, say, the lack of c¢lar]
the following statements "... (47)... gives the cost of
for the nonmarketed from, and (39)... gives the cost of «
for the marketed firm". It is clear that at most these e
give implicitely the costs of capital. The RHS’s of (47)
{39) are only benefit differentials at the margin. Welfa
meximized by just setting them equal to zero to yield the
(public and private) levels of investment. The corollary
that the new investment should be undertaken by the firm

(public ov. private) which maximizes Zi u,.
26. Since private shares are not held g0 as to minimize 2
27. As occurs even with the privéte firm,

28. Since risk measures ( ¢ Géz) are evaluated at pric

1z !}
(Rl’ R2) by the private firm, while (Rz, R3) are the pric

which the public firm would use.

29. Recall that the variance of the project is not contern

in fj formules.

- 23 =
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Appendix 1. Proof of Lemmg

The following relationships will be used:
SCAREICI
Ry = (27 /) + (20, /4,)
2 2
3= Wy )+ (X5 /8 5)
R =1/f 5 p=p3+8,

=)
1

o]
|

where

¥_ _ . .
Z:= /SiR + (psR-oy) (6,,/049) » i=1,2 (adjusted asset

holdings in terms of market parameters)
di’ i=1,2 exogenously given

Remark.- «, = ;R =2 =pR; zi= p.R 2. = f. R provided

612 # 0 (a condition that we shell safely assume).

¥ . *
L.l Zi% piR = Ri> R (deleting ¥ )

R, = (zi /hq) + (zg /b ,) end using 2, =(1-2)
R (2) = (2 /p )+ [@=-2)%/p,]
Ry (2) =2[ (2 /p )+ (2 /B, - (W/p )] =0=22=pR

R (z) =2[ (/A + (/B ) ]>0
Ri and R{ assure that R, (Zl) reaches its minimom at éi: ﬂlR.

But R, (%) = R "so that 2 4 2, 3R R (Q.€.7)
On the comtrary, Z; = él = R)= R, which proves the first%part
of L.5 (Q.8.D)
L.2d, AR, T, (2) 02R, (§)R
Ry = (ydy /1) + (Zpdy /fp)y amd usinmg o, =1 =y
Z,=1-2) ;%) =5 (o)) =2 :

|

R, (oy) =[ (2 )ely /p )+ ( (2 =2 () (2=-4/p )]

|
|
- 24 o |



—
il

"
R2 (le)

Therefore 0_'12 (2) 0 =zssures that R, (arl) reaches its
(maximum / minimum) at &1 =ﬂla , Where '

a _ o;‘ . P

On the contrary o(l = o?-l = R
part of L.5 (Q.€.D.)

2

L.3 o(i%ﬁiR=aR3>R
R3=(°<§/{51)+(o(g/ﬂ2) and using «, = 1 =¥,
Ry () = (3 /8 )+ [(1-2% /8]

Ry (wy) = 2[ (o) /8 ) # (y/p,) - (/g )] =02
Ry (d;) =2[ (/8 )+ (/p )]0

/ "
h
R3 and R3 assure that R3

A

Where R3 (g(l) = R.
Thus, &, # &; = Ry? R. (Q.€.D.)

A
= &
On the contrary, « 1 1@ R3

par‘t of L.5 (Q.G.D.)

L.4 g, # PR
Let define O

712705 T35 (A T4y 3R (5) Ry
R, - R = (& /py)+ (a5 /f ) = (2
- (2€ /5 )

deleting ¥ , using «

-

)]
n

o =1 -4y

A ()= (s /p) 4 (=42 /5 )

(2 /180 (01, /G (B -af)=02& =pr
~ R/ ) (T /7)) (5) 4f G (%) 0

= R , which proves the second

(o l) reaches its minimum at « = p’ 13,

= R , Which prove_s the third

- 2 2
- (@ =z (X)) /p,) = (2] (x)) /)

-25 .
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Therefore

its (maximum / minimum) at e{l

(1-«,) (1-2)
A =2 X2 L
f1 S 2 2
9z
and noticing that Wi—— = - %

4( )

V12

(2 ///51/323)[ 1 "(Jiz /(711)2} (o
provided ( {;‘12 /

A
0 =>°(1=R/51

(2 /8, BRI 1= (G /ap)7]

if

v'12 (%) Vll
>0, T, (%) 0—11 assures that 0 (o(l)

andﬁ'12>o.

= R {51 , Where

A(mﬁ:o > Ry = B Thus, X, # X, , 0,20,

=>A(o¢1)(§)o=>R3(§

- 26 =

) B

On the contrery , °<1=°<1 = RS"R:L

(q.€.D.)

©

12

Z |92, }
e

1 - RAD)
6_11) #10
($)0

reaches

) G

5
(2 11




Appendix 2 Proof of Proposition 1

Define rl-f = A = (R} - R) flz+(R2-R) 0o,
(From L.1 (R1 - R)> 0, and from L.2,

0

l2>o = (RZ- R)< 0 )

= (4) Ty, + (=) G,

(P ~ a) W12>o, Flz>o, 0‘22=0 = (’l>(’

b=(4) (1) + (=) (0) = (#) > (PP

(B=D) (1,20, 03,=0, (00 = (¢

b=() (@ + (=) (B =() = p

- 2T =




Appendix 3. Proof of Proposition 2

The agsumption 0—12> 0, 0(1 4 le permits to write
lemma as followa:
L.l: R]_) R

L.2: R > R2

L.3: R3 >R

! . e
L.4 (with 012 < fll)' ,RB > By
which yields the following inequalities

(A 3. 1) (without L/4) Ry>R>R, = (R1 - R,)>0

14
(A 3. 2) (without L.4) R;>ROR, = (R2 - R3)< 0
(A 3. 3) (with L.4) Rys> Ry> Ro>R, = (R - Ry)> 0,
(Rz— R3)<O, (Bl-- 33)<o

Define now

(a3.4) 4= (- p,

(R, = By) 0y, +(By=Ry) (7, =(#) [
A3.1

We prove statéments a through 4 using A3.1 and A3.2
(-2 0,80, 0520 5 pycpy

be D+ W =) = o<,
(P -b) 0‘12;» 0, 62250 = [)1 > (’2

b= (D WD+)Er=) = pP>P,

(- c) V(le 3(’:223 622(%) 6:22 = €1(§) Fz

the

17 T (—)5-22'
A3.2

A= 0 =2 U.2Z= 0'22=-[(R1-R2)/(R2-F3)] G—f!.z

Tzke GQZ = 0.22 4-2

- 28 =



P -7

A =(R2—R3)£ =(—)£
E(%) o0 = 6'22(%)5
¥ 0, —:\ﬁlzz Iy, (%) Ui, @ P (%) £,
Ao o §
={+) 0y,
Take U-lz= G:lz.{-a
b= (r, - R)e = ()¢
d(x)o= 6, (2) T, s 4(x)0 = p (3
1127 025200 U1 2 0gp ’é f1¢ (2
B=(R =R) 03,4 (Ry-Ry) [y,
Take G, = 0, +£&, €70
A=(Rl_R3) 5224-(31-1?{2)5 and using (
= (=) (+) + (+) (4) = undefined
035 = o705 T332 03, = (1 <0
A =(R -R) T + (R, - Ry) Gy,
=(31"R3)6-lz and using (4
(=) (4) = (=) = [)1': ()2
b > 03,705 G130 035 = P1¢
A = (Rl - Rz) G-lz 4 (R2 - R3) 5'22
‘Take 0—22= (J-lz'l‘és £70

A = (Rl - R3) V.lz + (Rz - R3)£ and using (A
O R S R S N T

(Independent of the heading assumption)

oy TALE)O0 2 PSP,

e = T4, = ((8y - Ry) /(R - Ry 0 p,

"\v
~—r
—_
N

A3.3)

13.3)

L303)

T Upy=0 =2 Py = pp=0

A=0 = fl” P o

- 29



Further, since risk measures 6—1z and G;Z are zero,
(71 = [’2 = 0. For example,

(’1=nglz"'nz 0p, = (R +Ry) 0 =0

- 30 -




Appendix 4

When (public) firm 2 invests I in the new project,

T we

TR

distinguish preinvestment wvariables bthe obtain the new get

of variables:
X =x¥4 17
2 2

/&2=/u£+l/uz

P
(oo =0, + 23

2
G‘2z +1 o_zz

(50)  fyp =(7p+ 10 ,,

K, =%,

i 1

Z,
i
M

Notice that

W/ O] Cpy - epy) fry - 012“17
(/e [Hy = R (O3 + [pp) ]

(d/’z/ dI)Iho = /l'z

(51) (a(,, / dr)
(a by, / a1)

As before

(35) (ay, / an)l,,

but now
(52) (a8, / a1)|,,

(53) (dvi / cn:)[!:o

il

Substituting (52) and

=27
0.l

|!=0 2z

II:O 74

(cm:i / az)(m - (1 /2 ﬁ'i’) (dvi / dx) i=1,2

@[ r{mf + (2] - 2;) py | +

2 M+ 4 o]/ a0 [rg

1:0

(/'; -r [1;) (az, / ar)|, + o /(z i=1,2 .

2 ¥ 2
(af gy Opy + o Ty + 22, &, 0] /41) ;.

*

2 * L .
2["(' Uog + @38 Uy, + (U392 + 3 0,50

i 2z
.( dzi/dI)lI:O ]
(53) into (35) one gets

- 31 -
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2 .
(46) (al, / dI){M dy M= (L /By (x5 Ty 4 2] 0 )+
4 - e - ) (R ek, 61,0
-(az; / at)|,,
=y fy = (/) (4E Gy 4 2fey Ty 14142

since applying (21) the expression in brackets cancels odut. (Q.E.D)
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